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Overview

Can the risk-neutral distribution of log-return NP be derived? 

In order to value options under a log-return NP, we should know a transition to its risk-neutral distribution.
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Generative Adversarial Networks  



Generative Adversarial Networks  

Yunhuijang, 2022.7.20, https://process-mining.tistory.com/169

We will them to discrete-time stochastic process with TCNs.



• (ℝ𝑁𝑧 , ℬ(ℝ𝑁𝑧)) and (ℝ𝑁𝑋 , ℬ(ℝ𝑁𝑋)) are the latent and the data measure space, 
respectively.

• The random variable Z represents the noise prior and X the targeted (or data) 
random variable.

• The goal of GANs is to train a network 𝑔: ℝ𝑁𝑧 × 𝛩 𝑔 → ℝ𝑁𝑥 such that the 

induced random variable 𝑔𝜃 𝑍 ≔ 𝑔𝜃 ∘ 𝑍 for some parameter 𝜃 ∈ 𝛩 𝑔 and the 
targeted random variable 𝑋 have the same distribution, i.e. 𝑔𝜃 𝑍 = 𝑋.

Generative Adversarial Networks  

i.i.d. Gaussian noise process
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Generative Adversarial Networks  

Step 1

The discriminator’s parameter 𝜂 ∈ 𝛩 𝑑 are chosen to maximize the function

ℒ 𝜃,∙ , 𝜃 ∈ 𝛩 𝑔 .

Loss function of GANs



Generative Adversarial Networks  

Step 2

The generator’s parameters 𝜃 ∈ 𝛩 𝑔 are trained to minimized the probability of

generated samples being identified as such and not from the data distribution.

Loss function of GANs



Generative Adversarial Networks  

We receive the min-max game

which refer to as the GAN objective.



Generative Adversarial Networks  



I. Overview

II. Temporal Convolutional Networks (TCNs)

III. Generative Adversarial Networks (GANs)

IV. Log-return Neural Process

V. ℒ𝑝-space characterization of Log-return Neural Process

VI. Inverse Lambert W transform

VII. Risk-neutral Log-return Neural Process

VIII. Preprocessing

IX. Numerical Results

Table of Contents



Overview

Quant GANs

Generator Discriminator

TCN

Stochastic Volatility 

Neural Networks (SVNNs)

Induced process of SVNN

Log-return neural process 

(log-return NP)

generate stock price paths

TCN



Log-return Neural Process



Log-return Neural Process

In the context of GANs, the i.i.d. noise process 𝑍 = (𝑍𝑡)𝑡∈ℤ from Definition 4.5 represents the noise prior.

We assume that for all 𝑡 ∈ ℤ the random variable 𝑍𝑡 follows a multivariate standard normal distribution, i.e. 

𝑍𝑡~𝑁(0, 𝐼)



Log-return Neural Process

The GAN objective for stochastic processes can be formulated as 

min
𝜃∈𝛩 𝑔

max
𝜂∈𝛩 𝑑

ℒ(𝜃, 𝜂) ,

where

and 𝑋1:𝑇(𝑑) and ෨𝑋1:𝑇(𝑑),𝜃 denote the real and the generated process, respectively.

Monte Carlo estimate



Log-return Neural Process

Volatility TCN Drift TCN Innovation NN



Log-return Neural Process

Volatility TCN

Drift TCN

Innovation NN
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𝐿𝑝-space Characterization of 𝑅𝜃

𝜎𝑡,𝜃, 𝜀𝑡,𝜃, 𝜇𝑡,𝜃 ∈ 𝐿𝑝(ℝ𝑁𝑋)

Volatility TCN

Drift TCN

Innovation NN



𝐿𝑝-space Characterization of 𝑅𝜃

All moments of the log-return NP exist.

The log-returns NP does not exhibit heavy tail.
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Inverse Lambert W Transform
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Inverse Lambert W Transform

Bijective 

&

differentiable

The Lambert W probability transform is used to generate heavier tails.



Inverse Lambert W Transform

Lambert W function is the inverse of 𝑧 = 𝑢 𝑒𝑥𝑝(𝑢), that is, that function which 

satisfies 𝑊 𝑧 exp 𝑊 𝑧 = 𝑧.



Inverse Lambert W Transform

The model parameter can be estimated via quasi maximum likelihood.

The inverse Lambert W transformation is 

𝑊 𝑌 ≔ 𝑊𝛿

𝑌 − 𝜇

𝜎
𝜎 + 𝜇

where

𝑊𝛿 𝑧 ≔ sgn 𝑧
𝑊 𝛿𝑧2

𝛿

1
2

,

and sgn(𝑧) is the sign of 𝑧 and . 𝑊𝛿 𝑧  is bijective for all 𝛿 ≥ 0 and all 𝑧 ∈ ℝ.



Inverse Lambert W Transform

The inverse Lambert W transformed log-returns

The pdf of a Gaussian r.v.

The original S&P 500 log-returns

The pdf of a Gaussian r.v.

The pdf of Lambert W × Gaussian r.v.



Overview

Log-return Neural Process
Log-return Process of 
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ℒ𝑝-space
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𝑅𝑊 ≔ (𝑅𝑡
𝑊)𝑡∈ℕ



Inverse Lambert W Transform

Implications of Assumption 1

1. The log return NP is stationary such that the historical log return process is assumed to be stationary, by construction.

2. Log-return NPs can capture dynamics up to the RFS of the TCN in use. Therefore, Assumption 1 implies for an RFS 

𝑇(𝑔) that for any 𝑡 ∈ ℤ the random variables  𝑅𝑡, 𝑅𝑡+𝑇(𝑔)+1 are independent.
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Risk-neutral Log-return NP

Can the risk-neutral distribution of log-return NP be derived? 

In order to value options under a log-return NP, we should know a transition to its risk-neutral distribution.



Risk-neutral Log-return NP  

• One-dimensional log-return NP

• Spot price

• Discounted Spot price

𝑟𝑡 = log
𝑠𝑡
𝑠𝑡−1



Risk-neutral Log-return NP  

In risk-neutral representation, the discounted stock price process has to be a martingale.

Risk-neutral Log-return Neural Process

ሚ𝑆𝑡−1,𝜃 is 𝐹𝑡−1
𝑍 -measurable

𝜎𝑡,𝜃 and 𝜇𝑡,𝜃 is 𝐹𝑡−1
𝑍 -measurable

and 𝜀𝑡,𝜃 is independent of 𝐹𝑡−1
𝑍



Risk-neutral Log-return NP  

Discounted risk-neutral spot price process

Explicit formula for the (discounted) risk-

neutral spot price process



I. Overview

II. Temporal Convolutional Networks (TCNs)

III. Generative Adversarial Networks (GANs)

IV. Log-return Neural Process

V. ℒ𝑝-space characterization of Log-return Neural Process

VI. Inverse Lambert W transform

VII. Risk-neutral Log-return Neural Process

VIII. Preprocessing

IX. Numerical Results

Table of Contents



Preprocessing 



Preprocessing 

▪ Step 1: Log-returns 𝑟1:𝑇: Calculate the log-return series

𝑟𝑡 = log
𝑠𝑡
𝑠𝑡−1

𝑓𝑜𝑟 𝑎𝑙𝑙 𝑡 ∈ 1,⋯ , 𝑇 .



Preprocessing 

▪ Step 2 & 4: Normalize:

We normalize the data in order to obtain a series with zero mean and 
unit variance.



Preprocessing 

▪ Step 3: Inverse Lambert W transform:

The inverse Lambert W transformed log-returns

The pdf of a Gaussian r.v.

The original S&P 500 log-returns

The pdf of a Gaussian r.v.

The pdf of Lambert W × Gaussian r.v.



Preprocessing 

▪ Step 5: Rolling window: When considering a discriminator with receptive field size 

𝑇(𝑑), we apply a rolling window of corresponding length and stride one to the 

preprocessed. log-return sequence 𝛾𝑡
(𝜌)

Hence, for 𝑡 ∈ {1,⋯ , 𝑇 − 𝑇(𝑑)} we define 

the subsequences

𝛾
1:𝑇(𝑑)
(𝑡)

≔ 𝛾
𝑡:𝑇 𝑑 +𝑡−1

𝜌
∈ ℝ𝑁𝑧×𝑇

𝑑
.



Preprocessing 



Preprocessing 

Time step (N)

Sample

Window length (k)

X =

• Sparse = True  

• Sparse = False  

Time step
Out =

sample

Time step

Window length

Time step - Window length
sample
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Numerical Results

We test the generative capabilities of Quant GANs by modeling the log-returns of the 
S&P 500 index.

1) Pure TCN

2) Constrained log-return NP

3) GARCH(1,1) with constant drift (for comparison)

We will show that Quant GANs can learn neural process that matches the empirical 
distribution and dependence properties fat better than the presented GARCH model.



Numerical Results

Risk-neutral Log-return Neural Process

Constraints

1. One-dimensional case (𝑁𝑋 = 1)

2. The innovation NP represents a standard normal distributed random variable

𝜀𝑡,𝜃~𝑁 0,1 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑡 ∈ ℤ .

ℎ(𝜎𝑡,𝜃 , 𝜇𝑡,𝜃) can be calculated explicitly:



Numerical Results

Constraints

1. One-dimensional case (𝑁𝑋 = 1)

2. The innovation NP represents a standard normal distributed random variable

𝜀𝑡,𝜃~𝑁 0,1 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑡 ∈ ℤ .

Discounted risk-neutral spot price process

Explicit formula for the (discounted) risk-

neutral spot price process



Numerical Results

▪ Evaluating a path simulator: metrics and scores

1. Distributional metrics

1) Earth mover distance

2) DY metric

2. Dependence scores

1) ACF score

2) Leverage effect score



Numerical Results

Earth mover distance

DY metric

ACF score

Leverage effect



Numerical Results

Pure TCN



Numerical Results

Constrained SVNN



Numerical Results

GARCH(1,1) with constant drift



Numerical Results

Pure TCN



Numerical Results

Constrained SVNN



Numerical Results

GARCH(1,1) with constant drift



Numerical Results

Pure TCN

The displayed ACFs corresponding to 

the generated returns are mean ACFs 

and thereby much smoother than the 

ACF of the real returns



Numerical Results

Constrained SVNN



Numerical Results

GARCH(1,1) with constant drift



𝐿𝑝-space Characterization of 𝑅𝜃



𝐿𝑝-space Characterization of 𝑅𝜃



Thank you for listening
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