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Problem Setting

We consider the following convex optimization problem with N-block variables involving
a linear constraint given as follows:

Xlrn,n Z fi(xi)

XN

- (0.1)

subject to ZA,‘X,’ =c,

i=1

where N > 2 x; e R" A, e R™" ¢ e R"™, fi:R" — (—o0,400] (i=1,2,---,N).
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Lagrangian Function

Consider the Lagrangian for problem (0.1):

L(x,- - 7XN7)‘):izN;ﬁ(X’)_ <>\,IZN;A,-X,»—C> (1.1)

where A € R™ is the dual variable.
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Dual Decomposition

A simple distributed algorithm for solving (0.1) is dual decomposition. The update rules
for dual decomposition are given as follows: for k > 1,
O et xi ™) = argming,y L(xa, - xn, AF),

where a > 0 is a step-size. With a suitable choice of a and certain assumptions, dual
decomposition is guaranteed to converge to an optimal solution [5]. However, dual
decomposition exhibits slow convergence in practice, with a convergence rate of
O(1/+V'k) for general convex problems.

[5] Shor, N. Z. (2012). Minimization methods for non-differentiable functions (Vol. 3). Springer Science & Business Media.
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Augmented Lagrangian Function

An effective distributed algorithm for (0.1) can be designed based on the alternating
direction method of multipliers (ADMM) using the following augmented Lagrangian:

N 2
E A,'X,‘ — C
i=1

N

Lol i X) = 3 hi(x) — < ZAX,, >+£

i=1

I

where p > 0 is a penalty parameter.
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Two Types of ADMM Updates

Center
l Agent 1 Agent 2 Agent 3
xk*1 update
xk*1 update xiH x5+ Xt
x§*1 update Central Node
(a) Gauss-Seidel-type (b) Jacobi-type
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Two Types of ADMM Updates: Gauss-Seidel vs Jacobi

Gauss-Seidel-type Jacobi-type
k41 . - . k+1 . . .
X]kil = arg miny, [,p(xl,ﬁé‘, e ,x,’\(,,i\k)k X, L = argminy, Ep(xi, xf, e ,X,E,, )\i)
Xy = argminyg Lo(x7 T, x50, X AK) Xy T r=argminyg Lo(x X2, -, xpg AY)
kD . k1 K1 o yky |kt ; P P 2k
Xy = argming Lo(q 7, Xy X M) | o xyT i=argmingg, Lo(x( e, X_qs X AY)
— N k+1 k+1 ._ vk N k+1
AKFL = )\k—p( N Ak —b) AR = ) fp<zl-:1 Aix! 7b>
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Gauss-Seidel-type vs. Jacobi-type

Gauss-Seidel type | Jacobi type

Update Method sequential parallel (simultaneous)
Update Source Latest values Previous iteration values
Convergence Speed | Generally faster Generally slower
Parallelism not parallelizable parallelizable

Can diverge,
Convergence stable
especially when N =2 [2].

[2] He, B., Hou, L., & Yuan, X. (2015). On full Jacobian decomposition of the augmented Lagrangian method for separable convex programming. SIAM
Journal on Optimization, 25(4), 2274-2312.
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Jacobi-Proximal ADMM

To address this issue, Deng et al. [1] introduced the Jacobi-Proximal ADMM, which
incorporates the following modifications:

O A proximal term %Hx,- — x,-k||f;’_ for each x;-subproblem, where P; is a positive
semi-definite matrix.

@ A damping parameter v > 0 for updating dual variable A.

[1] Deng, W., Lai, M.-J., Peng, Z., & Yin, W. (2017). Parallel multi-block ADMM with O(1/ k) convergence. Journal of Scientific Computing, 71,
712-736.
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Jacobi-type ADMM vs Jacobi-Proximal ADMM

Jacobi-type ADMM Jacobi-Proximal ADMM
. k+1 . H k k. yk 1 k2
X{(Jrl 1= arg miny, Cp(xl,xé(,u- ,x/,\(/;)\k) ><1Jr = argming Lo(x1, X3, 5 Xy A) + 5 llx — xq ”PI
k+1 B k k k k+1 . k k k k2
)<2+ = arg min, Lo(xsxa, -5 xy A X2+ ‘= arg miny, Lp(x{sxa, -y X A )+%Hx27)<2 HP2
k+1 . _ ; k k 2k k4l .
Xy = argminggy Lo(xq's -+, xy_g, xvi AY) xNJr i= arg miny, Ep(x{(,«u ,X;\(/,l,XN;)\k)‘F %HXN —XK/H%N
k+1 . vk N A k+1
A= N = p (S, At — b) NFL 2 3k = (S, At — b)
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Jacobi-Proximal ADMM

Algorithm 1: Jacobi-Proximal ADMM

Input: x° (i=1,2,---,N) and X%
1 for k=0,1,--- do
2 Update x; for i = 1,--- | N in parallel by:

k112

Xik+1 = argmin ¢ fi(x;) + L
Xi 2

Aix;i + ZAJ'X}( —Cc—
J#i

N
Update AKT1 = Ak — 4p <Z Apxtt c) )
i=1

2

1
5l =B i (12)

(1.3)
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Linear Convergence Results for ADMM

. N Rank
Ref. Convexity Regularity Conditions Rate
Gauss-Seidel f, ..., fy: SC fyy: L-smooth Ap: full row rank
ADMM [4] A,y SC 7, ..., fy. Lsmooth = o(ck)
for N > 3 fp, ..., fy: SC fi, ..., fy: L-smooth A1 full column rank
Gauss-Sediel
ADMM [3] . g,—(E,-x,-) +_h"(x") gj: L-smooth E;: full column rank O(o‘k)
for N > 3 gj: strictly C, h;: C
Jacobi-Proximal
ADMM [1] fly.ofy: C — Aj: full column rank o(1/k)
for N > 3
Jacobi-Proximal T T T
ADMM This work fl, .o,y SC fly ..., fiy: L-smooth (A1 Ay i Ayl o(a*)
for N > 3 full column rank

[4] Lin, T., Ma, S., & Zhang, S. (2015). On the global linear convergence of the ADMM with multiblock variables. SIAM Journal on Optimization, 25(3),

1478-1497.

[3] Hong, M., & Luo, Z.-Q. (2017). On the linear convergence of the alternating direction method of multipliers. Mathematical Programming, 162(1),

165-199.

[1] Deng, W., Lai, M.-J., Peng, Z., & Yin, W. (2017). Parallel multi-block ADMM with O(1/ k) convergence. Journal of Scientific Computing, 71,

712-736.
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Theoretical Results

Assumptions

The functions f; : R" — (—o0, +00] are closed proper convex for 1 < i < N.

We assume that x* = (x{', -+, xy) € R" is a minimizer of problem (0.1) companied with
a multiplier \* € R™ satisfying the following KKT condition

Vi (x')= A\ fori=1,--- N, (2.1)

N
A =" Ax =c. (2.2)
i=1
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Theoretical Results

Assumptions

There are positive constants L; such that for all x,y € R",

IVE(x) = VAW < Lilx =yl for 1<i<N.

The function f; : R" — (—o0, +00] is a-strongly convex for some a. > 0, i.e.,

fi(y) 2 fi(x) + (y —x, VA(x)) +ax - y|”

for all x,y € R".

We assume that the matrix [A{; A7 -+ A{] € R™™ with n=ny+ -+ nn has full
column rank.
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By the strongly convexity of the objective function, we have the following lemma.

Suppose Assumptions 2.1, 2.2, and 2.4 hold. Then it holds that

1N
2,yp||)‘k |2+§;HX = ||pATA +P;
u 2 1 2
k+1 % - k+1 _ y*
>3 [t 4 e -] @3)

5 Z”Xk“ =X ||pATA +p, T+ Hi
i=1

where Hy 722 1||Xk+1 k” AkHL )\k” 41 <>\k AHL A(x k+1)>

pATA 1HE + 22 p||

2
We notice that the term az i1 H k1 —x*|| in the inequality (2.3) is a gain for the strongly

convexity of the costs.
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Propositions

Proposition

Suppose Assumptions 2.1-2.5 hold. For s > 0, we have the following inequality

1 e, L \
(m — SCi) H)\k —A H2 + 5 ; HX"k =% H?p+4Nsp2D)AITA;+P; (2 4)

* 1 N *
H)\kﬂ H2 + 5 Z Hx,-k+1 — X; |‘;2)Ai7'Ai+Pi+2(a72Ls)/n,- + G,

Z =
2yp =

where )
Hi = %EINZI Hxik+1 - XikaA,-TA,-+P 2w p

(pA,-TA,- + P;) (Xl-k+1 — x,-k)

)\kHZ I %<)\k _ >\k+17A(Xk _ Xk+1)>
2
and Gy := Hy — 4521{\1:1
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If s > 0 satisfies
s[Polalt+ =] < = 25)
! N 2N’ ’
there exists pus € (0, 1) such that
2 < psIx? ¥ x € R (2.6)
=15 pA/TA,-+P,v+2(a—2Ls)ln[ : :
y.

XM, anvs p2 D)AT A;+P;

If one chooses some &; > 0 such that 0 < v < 2, p > 0, and s > 0 satisfies the following conditions:

{ pAT A; + P; — 8s(pAT A; + P))T (pAT A; + P;) — éA,TA, -0,

Z,N:1€i<2—%

then we have
T K1k P
(pAI- Ai + P,-) (Xi — X; )H

LNk kg2 &
3 I = I, — 422
i=1 i=1
2— 1
i - 2'Y||)\k+l _ )\kHZ + 7<Ak _ A““,A(x“ _Xk+1)> > 0.
P ol }
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Main Theorem

Under suitable assumptions, we have
(,23(Xk+1, )\k+1) < U(Z)(Xk, )\k)’ (2.7)

where o = max {1 — 2ypsc3, ps} € (0,1) and ¢ : R” x R™ — R is defined as

N
1 o 1 *
¢(Xk7 >‘k) = 2,Yp’|)‘k - A H2 + 2 Z Hxik =% "iA;'—Ai+P,»+2(a—2Ls)I,,I.'
i=1

H. Choi Jacobi-Proximal ADMM



Numerical Experiments

Numerical Experiments: The LCQP Model

We present numerical tests of Algorithm 1 supporting the linear convergence property
proved in Theorem 2.10. Here we consider the following LCQP model:

N
min Z fi(xi)
i=1

N
s.t. E Aixi =c
i=1
nl

where f;i : R" — R is given by fi(x;) = %X;TH,'X,' + x! q; with H; € S, qi e R", Ai €
R™*" and ¢ € R™.

(3.1)
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Numerical Experiments

Numerical Experiments: The LCQP Model

We conduct experiments with the damping parameter vy € {0.5,1.0,1.5,1.9}, and the
penalty parameter p € {0.1,1,5,10} in Algorithm 1. We define the error metric at each
k-th iteration for u* = (xlk, XN )\k) as follows:

dis(u) 1= max { xd = x{ ||, Ik = sl A6 =7} (32)
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Numerical Experiments

Numerical Experiments: The LCQP Model

We find that the value dis(u*) decreases to zero linearly as expected in Theorem 2.10.

N —— p=0.1,y=05 DN —— p=01,y=1.0
100 . p=10, y=05 100h N p=1.0, y=1.0
I N p=50, y=05 5 \ 0, y=1.0
i . - £=100, y=05 I S p=100, y=1.0
\ \ \
\
102} g 1021\ S
| \ 1
1
< \ ~ = \ \
5 \ s 5 \ s
k3 1 N o \
81074k 810 “ M
\
\ N \ .
\ N
\ 4 \
\
N \ .
' N \
10°¢ 1 10°¢ \‘ S
\ N \ .
\ .
\ \ ~
10°° L > 10°° . >
50000 100000 150000 200000 250000 300000 50000 100000 150000 200000 250000 300000
Iteration Iteration
(a) p={0.1,1.0,5.0,10.0}, v = 0.5

(b) p = {0.1,1.0,5.0,10.0}, v = 1.0

Figure: Experimental results on 10-block LCQP model for fixed =y under varying p.
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Numerical Experiments: The Optimal Resource Allocation Problem

In this example, we consider the following case:

N
minz fi(xi)
i—1

N
s.t. ZX,‘ =0
i=1

where f; : R — R is given as fi(x;) = (1/2)ai(x; — ¢;)*> + log[1 + exp(bi(x; — d;))] with the
coefficients aj, bi, ¢i, d; generated randomly with uniform distributions on [0, 2], [-2, 2],
[-10,10], [-10, 10] respectively.
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Numerical Experiments

Numerical Experiments: The Optimal Resource Allocation Problem
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Figure: Experimental results on 6-block problem for the optimal resource allocation model with a
fixed v under varying p.
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