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Convolutional Neighborhood Aggregation Method

Step 1 The node embeddings are initialized with node features.
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Convolutional Neighborhood Aggregation Method

Step 2 Nodes aggregate the embeddings of their neighbors, using an 

aggregation function.
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Convolutional Neighborhood Aggregation Method

Step 3
Combine its previous embedding from the last iteration with its 

aggregated neighborhood vector.
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K iteration!



Convolutional Neighborhood Aggregation Method
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Step 3
Combine its previous embedding from the last iteration with its 

aggregated neighborhood vector.



Convolutional Neighborhood Aggregation Method
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Step 4 We finally get the vector representation for each node.

𝒛𝒗𝟐

𝒛𝒗𝟏

𝒛𝒗𝟑

𝒛𝒗𝟒



Convolutional Neighborhood Aggregation Method
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Neighborhood Aggregation
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ℎ𝑣
0 = 𝑥𝑣

ℎ𝑣
𝑘 = 𝜎 𝑊𝑘 ෍

𝑢∈𝑁 𝑣

ℎ𝑢
𝑘−1

𝑁 𝑣
+ 𝐵𝑘ℎ𝑣

𝑘−1 , ∀k > 0

Graph Neural Network

Initial embeddings are equal to node features.

𝑘-th layer

embedding 

of v

Non-linearity

Aggregation

(ex. sum, mean, max)

Previous layer 

embedding of 𝑣
(self-loop)

Concatenation



ℎ𝑣
0 = 𝑥𝑣

ℎ𝑣
𝑘 = 𝜎 𝑊𝑘 ෍

𝑢∈𝑁 𝑣

ℎ𝑢
𝑘−1

𝑁 𝑣
+ 𝐵𝑘ℎ𝑣

𝑘−1 , ∀k ∈ {1,⋯ ,𝐾}

𝑧𝑣 = ℎ𝑣
𝐾

• After K-layers of neighborhood aggregation, we get output

embeddings for each node.

• We can feed these embeddings into any loss function and run 

stochastic gradient descent to train the aggregation 

parameters.

Graph Neural Network

Trainable matrices

(i.e., what we learn)



According to Banach fixed point theorem,

it has a unique solution provided that 𝑭𝒘 is a contraction map

with respect to the state

, i.e., there exists 𝜇, 0 ≤ 𝜇 < 1,

such that | 𝐹𝑤 𝑥, 𝑙 − 𝐹𝑤 𝑦, 𝑙 | ≤ 𝜇| 𝑥 − 𝑦 | holds for any 𝑥, 𝑦.



state of 
node n

local transition 
function

(propagation 
function)

local output 
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node label 
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state of 
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Graph Convolutional Network

Source : https://towardsdatascience.com/a-comprehensive-guide-to-convolutional-neural-networks-the-eli5-way-3bd2b1164a53



Propagation Rule

ℎ𝑖
(𝑙+1)

= 𝜎(𝑊 𝑙 ෍

𝑗=1

𝑁

ℎ𝑗
(𝑙)
+ 𝑏(𝑙))

𝐻(𝑙+1) = 𝜎(𝑊 𝑙 𝐻 𝑙 + 𝑏 𝑙 )

𝐻(𝑙+1) = 𝜎(𝑨𝑊 𝑙 𝐻 𝑙 + 𝑏 𝑙 )



Graph Convolutional Network

𝐻(𝑙+1) = 𝜎(𝑨𝑊 𝑙 𝐻 𝑙 + 𝑏 𝑙 )

𝐻(𝑙+1) = 𝜎(෩𝑨𝑊 𝑙 𝐻 𝑙 + 𝑏 𝑙 )

𝑯(𝒍+𝟏) = 𝝈(෩𝑫−
𝟏
𝟐෩𝑨෩𝑫−

𝟏
𝟐𝑾 𝒍 𝑯 𝒍 + 𝒃 𝒍 )

෩𝑨 = 𝐀 + 𝐈 (self-loop)

normalization
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GraphSAGE

• Simple Neighborhood Aggregation:

ℎ𝑣
𝑘 = 𝜎 𝑊𝑘 ෍

𝑢∈𝑁 𝑣

ℎ𝑢
𝑘−1

𝑁 𝑣
+ 𝐵𝑘ℎ𝑣

𝑘−1

• GraphSAGE

ℎ𝑣
𝑘 = 𝜎 [𝑊𝑘 ∙ 𝐴𝐺𝐺 ℎ𝑢

𝑘−1, ∀𝑢 ∈ 𝑁 𝑣 , 𝐵𝑘ℎ𝑣
𝑘−1]



GraphSAGE

Mean aggregator:

𝐴𝐺𝐺 = ෍

𝑢∈𝑁 𝑣

ℎ𝑢
𝑘−1

𝑁 𝑣

 LSTM aggregator:

𝐴𝐺𝐺 = 𝐿𝑆𝑇𝑀([ℎ𝑢
𝑘−1, ∀𝑢 ∈ 𝜋(𝑁(𝑣))])

Pooling aggregator:

𝐴𝐺𝐺 = 𝛾({𝑄ℎ𝑢
𝑘−1, ∀𝑢 ∈ 𝑁(𝑣)})

Symmetric vector function

(element-wise mean/max)

Neighborhood의정보를 모으는 함수



LSTM (Long Short-Term Memory)

 LSTM aggregator:

𝐴𝐺𝐺 = 𝐿𝑆𝑇𝑀([ℎ𝑢
𝑘−1, ∀𝑢 ∈ 𝜋(𝑁(𝑣))])

https://wikidocs.net/152773



LSTM (Long Short-Term Memory)



LSTM (Long Short-Term Memory)



LSTM (Long Short-Term Memory)



Cell State

Cell state Next Cell state



Forget Gate

• Sigmoid function :

𝜎 x =
1

1 + 𝑒−𝑥

Hidden state

input

0 1

Cell state 𝑪𝒕−𝟏을 잊는다

Cell state 𝑪𝒕−𝟏를 기억한다



Input Gate

Hidden state

input

Cell State에추가될 수 있는새로운 후보 값

෩𝑪𝒕의가중치



Update

Forget 

Gate

Input 

Gate

Cell

state



Output Gate



Pooling

Pooling aggregator:

𝐴𝐺𝐺 = 𝛾({𝑄ℎ𝑢
𝑘−1, ∀𝑢 ∈ 𝑁(𝑣)})

1 1 5 6

5 6 7 8

3 2 1 0

1 2 3 4

Max pooling 
with 2 × 2 filters 
and stride 2 6 8

3 4



Pooling

Pooling aggregator:

𝐴𝐺𝐺 = 𝛾({𝑄ℎ𝑢
𝑘−1, ∀𝑢 ∈ 𝑁(𝑣)})

Max Pooling

Mean Pooling
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Graph Attention Network

2
3

4
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𝜶𝟐𝟒 𝜶𝟑𝟒

𝜶𝟏𝟒

𝜶𝟓𝟒

Self-attention



Graph Attention Network

• We augment basic graph neural network model with attention.

ℎ𝑣
0 = 𝑥𝑣

ℎ𝑣
𝑘 = 𝜎 ෍

𝑢∈𝑁 𝑣

𝜶𝒗,𝒖𝑊𝑘

ℎ𝑢
𝑘−1

𝑁 𝑣
+ 𝜶𝒗,𝒗𝐵𝑘ℎ𝑣

𝑘−1 , ∀k ∈ {1,⋯ ,𝐾}

𝑧𝑣 = ℎ𝑣
𝐾

Attention Score



1. Apply a shared linear transformation(W) to every node.

2. Perform self-attention.

Attention coefficients indicate the importance of node 𝑗’s features to node 𝑖.

Attention 

coefficients

self-

attention
Weight matrix1

1. Normalize them using the softmax function.

Attention 
coefficients

Attention 
score2

Masked 
attention



Self-attention

• Scaled Dot-Product Attention

The input consists of queries, keys and values.

We compute the matrix of outputs as:

𝐴𝑡𝑡 𝐾, 𝑄, 𝑉 = 𝑠𝑜𝑓𝑡𝑚𝑎𝑥
1

𝑑𝑘
𝑄𝐾𝑇 𝑉

where 𝐾 =
𝑘1
𝑇

⋮
𝑘𝑛
𝑇

∈ ℝ𝑛×𝑑𝑘 , Q =
𝑞1
𝑇

⋮
𝑞𝑚
𝑇

∈ ℝ𝑚×𝑑𝑘 and 𝑉 =
𝑣1
𝑇

⋮
𝑣𝑛
𝑇

∈ ℝ𝑛×𝑑𝑣.

Attention Score



Self-attention

1

2
3

4

1

𝑣1 𝑣2 𝑣3 𝑣4

2

𝑾𝑲 𝑾𝑸 𝑾𝑽

노드의 feature vector

Trainable

𝑣1 𝑣2 𝑣3 𝑣4



Self-attention

3
𝑊𝐾

𝑊𝑄

𝑊𝑉

𝑣1 𝑣2 𝑣3 𝑣4

𝑲

𝑸

𝑽

Key matrix

Query matrix

Value matrix



Self-attention

4

𝑲𝑻 𝑸

𝑣1 𝑣2 𝑣3 𝑣4

𝑣1
𝑣2

𝑣3
𝑣4

𝑣1
𝑣2

𝑣3
𝑣4

𝑣1 𝑣2 𝑣3 𝑣4

𝒅𝒌

Attention coefficients

Attention score
Softmax



1. Compute a linear combination of the features.

2. Apply a nonlinear function 𝜎. expand to 

multi-head attention

• || : concatenation

• 𝛼𝑖𝑗
𝑘 : normalized attention coefficients computed by the k-th attention mechanism(𝑎𝑘)

• 𝑊𝑘 : weight matrix of k-th attentional head

K independent attention mechanism

3

4



Multi-head Attention

팔로우: 203

팔로워: 213

좋아요: 183

팔로우: 135

팔로워: 150

좋아요: 101

팔로우: 21

팔로워: 18

좋아요: 5

팔로우: 512

팔로워: 652

좋아요: 1020

ex) Instagram

팔로워 ← ℎ𝑒𝑎𝑑1

팔로우 ← ℎ𝑒𝑎𝑑2

좋아요 ← ℎ𝑒𝑎𝑑3



𝑀𝑢𝑙𝑡𝑖𝐻𝑒𝑎𝑑 𝑄,𝐾, 𝑉 = 𝐶𝑜𝑛𝑐𝑎𝑡 ℎ𝑒𝑎𝑑1, ⋯ , ℎ𝑒𝑎𝑑ℎ 𝑊𝑂

where ℎ𝑒𝑎𝑑𝑖 = 𝐴𝑡𝑡𝑒𝑛𝑡𝑖𝑜𝑛(𝑄𝑊𝑖
𝑄
, 𝐾𝑊𝑖

𝐾, 𝑉𝑊𝑖
𝑉)

and the projections 𝑊𝑖
𝑄
∈ ℝ𝑑𝑚𝑜𝑑𝑒𝑙×𝑑𝑘 ,𝑊𝑖

𝐾 ∈ ℝ𝑑𝑚𝑜𝑑𝑒𝑙×𝑑𝑘 ,𝑊𝑖
𝐾 ∈ ℝ𝑑𝑚𝑜𝑑𝑒𝑙×𝑑𝑣 and 𝑊𝑂 ∈

ℝℎ𝑑𝑣×𝑑𝑚𝑜𝑑𝑒𝑙.

Multi-head Attention



Thank you for listening.


