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Convolutional Neighborhood Aggregation Method

Step 1 The node embeddings are Initialized with node features.




Convolutional Neighborhood Aggregation Method

Step 2 Nodes aggregate the embeddings of their neighbors, using an
P aggregation function.




Convolutional Neighborhood Aggregation Method

Step 3 Combine its previous embedding from the last iteration with its
P aggregated neighborhood vector.

2

K Iiteration!



Convolutional Neighborhood Aggregation Method

Step 3 Combine its previous embedding from the last iteration with its
P aggregated neighborhood vector.




Convolutional Neighborhood Aggregation Method

Step 4 We finally get the vector representation for each node.




Convolutional Neighborhood Aggregation Method

Algorithm 1: Neighborhood-aggregation encoder algorithm. Adapted from [28].

Input : Graph G(V, €): input features {x,, ¥v € V}: depth K weight matrices {W* vk € [1, K]}:
non-linearity o differentiable aggregator functions {AGGREGATEy, Vk € [1, K|}:
neighborhood function N : v — 2V

Output: Vector representations z, forall v € V

ml llg*’.—xv,"v'(‘EVZ tralnable

2 fork=1...K do
3

‘v e Vdo /
4 hf,,) < AGGHEGATE({h;~!,Yu € N(v)}): «—— Aggregation
5 ll{‘: —o0o (Wk - CONIBINE(llf‘:—l. llf‘\’,-<l_’]')>4 Concaten atlon
6 end
7 h* + NORMALIZE(hX), Vv € V
s end

) Zy — h{.‘ NveV




Neighborhood Aggregation
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Graph Neural Network

—— Initial embeddings are equal to node features.

hS = Xy /\/Concatenation
hk—l

hllg — I Bkhg_l ) Vk > ()

IN(v)|
/ \ u N(v)\

k-th layer  Non-linearity
embedding

of v

Previous layer
embedding of v

Aggregation (self-loop)

(ex. sum, mean, max)



Graph Neural Network

Trainable matrices
(i.e., what we learn)

hy = % NG
hk—l

hk = W, Z - F Byhk=1 ], vk € {1,---,K
v o k |N(U)| k'tv { }

Zy = h{J{

« After K-layers of neighborhood aggregation, we get output

embeddings for each node.
 We can feed these embeddings into any loss function and run

stochastic gradient descent to train the aggregation
parameters.



L

According to Banach fixed point theorem, I
._ 4 It has a unique solution provided that F,, is a contraction map
l with respect to the state I

X9
,i.e., thereexists u, 0 < u <1, I

such that ||E, (x,1) — E, (y, D|| < u|lx — y|| holds for any x, y.

*1= fy (N5 1 2) (3 Xy, %, bl 1, 1g)
- [(n[l] X ne[l] [ne[n]

Xn = Jw (lna lco[ ]» Zneln] lne[n])

On = gw (Xna ln)



local transition

function

(propagation

function)

state of
node n

\
Xn

On

/

Jw

gW (X'ru ln)

edge label of
node label neighborhood
of node n of node n

e

(ln7 lCO[n] ) Xne[n] 7 lne

output

local output

function

n))

|

|

state of
neighborhood
of node n

node label of
neighborhood
of node n
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Graph Convolutional Network
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Source : https://towardsdatascience.com/a-comprehensive-guide-to-convolutional-neural-networks-the-eli5-way-3bd2b1164a53



Propagation Rule

h(l+1) (W(l) Z h(l) + b(l)) Labelled graph Adjacency matrix
(0 1 0 01 0\

o 1 01 01 O

(I+1) — 3210, (D 010100
H O-(WH-I—b) 001011
1 1 01 0 O
HOD = gaW OO 4 pO) \o 0 0100



Graph Convolutional Network

HUD = g(AWWHO 4 p)
A=A+1(self-loop)

HUD = g(AWWHO 4 p))
) normalization
)

1 1
HUD = g(D2AD ZWWHWO 4 p¥

L

A=A+I1(self
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GraphSAGE

« Simple Neighborhood Aggregation:

he = ol W, 2 i + Bphy !
% k |N(U)| k'tv

UEN(v)

* GraphSAGE
hE = o([Wy - AGG({hE™1,vu € N(v)}), B hE1])



GraphSAGE

— Neighborhood®| §2& 2 2

* Mean aggregator:
pk—1
AGG = 2
WSt IN(v)]

» | STM aggregator:
AGG = LSTM([hE™1, vu € n(N(v))])

» Pooling aggregator:

AGG = y({Qh{™", Vu € N(v)})

Symmetric vector function
(element-wise mean/max)



LSTM (Long Short-Term Memory)

= | STM aggregator:
AGG = LSTM([hE™1, vu € n(N(v))])

https://wikidocs.net/152773



LSTM (Long Short-Term Memory)




LSTM (Long Short-Term Memory)
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LSTM (Long Short-Term Memory)

(Cell) state p

Hidden State p Next Hidden State




Cell State

Cell state Next Cell state
\ - /
Ci—1 4

—_——



Forget Gate

« Sigmoid function :

1
o) = 1+e™*
Hidden\state [ .— Wf ht 1>$t] -+ bf)
hi—1

Cell state C,_;2 N=C}

Lt < } }

\ 0 .

input Cell state C¢,_& 7|dstC}




Input Gate

C.2| 7I5 %]
: o (W;- [ht—l,-’l'ft] + b;)
C:;lrm = t&llh(WC : [ht— 1 "I"t] 4 bC)

Hidden state 4

Cell Statelf]| F7IE€l = A= ME2 Z2H 7



Cell
C & stlate

ftT ltr'%% C; = ff x Cr_1 + 14 ?ét

Forget Input
Gate Gate




op =0 (Wy [hi—1,2¢] + bo)
hiy = o4 * tanh (C})




= Pooling aggregator:
AGG = y({QhE™ ,Vu e N(v)})

Max pooling
with 2 x 2 filters
and stride 2




= Pooling aggregator:
AGG = y({QhE™ ,Vu e N(v)})

Max Pooling
Mean Pooling
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Graph Attention Network

Self-attention *14

A34




Graph Attention Network

 We augment basic graph neural network model with attention.

0 —
hv—xv

Rl
N

e = o z e, Wi +a,,Behk )|, vke(l, -, K)

UEN (v)
z, = hX \

Attention Score



Attention self-
coefficients attention

N /

€ij — CL(W}—{Z', W}—ij)

1. Apply a shared linear transformation(W) to every node.

‘ Weight matrix

2. Perform self-attention.

Attention coefficients indicate the importance of node j’'s features to node i.

Attention
2 score

— | / B exp(ez‘j)
_ softmax;(e;;) = Zke/\& exp(e;x)
\

Attention
coefficients

Masked

l.  Normalize them using the softmax function. attention




Self-attention

 Scaled Dot-Product Attention

The input consists of queries, keys and values. :
P 9 y Attention Score
We compute the matrix of outputs as:

1
Att(K,Q,V) = softmax <—QKT> |74
e

ki qal v{
where K=| : |JeER™4% Q=|(" |eR™% andV = | : | € R™¥%,

T T T
kn dm Un



Self-attention

I E 9| feature vector

IHHH‘ 2 2 2 B
Trainable




- lt]
Wy ( Key matrix
4
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Vi Uy U3 Uy Vi Vp U3 Uy

Ee)=
i

\|~ Attention coefficients
W Attention score




Bl =

. Compute a linear combination of the features.
2. Apply a monlineartunction o.

Z aijWHj

JEN;

expand to
multi-head attention

_ ‘ K independent attention mechanism
* || : concatenation

* «af:normalized attention coefficients computed by the k-th attention mechanism(a*)
« IW*:weight matrix of k-th attentional head




Multi-head Attention

ex) Instagram

L ZR « head,

nEl

OHM

2% « head,

Ot « head,

22| 213
Z=0}1: 183
L2 $: 135
2 2: 150
o= 2: 652

Z0l2: 1020



Multi-head Attention

MultiHead(Q,K,V) = Concat(head, -, head,)W?
where head; = Attention(QW,%, KWK, VW)

and the projections W,* € R¥moderxdk, K € RAmoaerd WX € Rémoder*dv and WO €

]thdemodel_



Thank you for listening.



