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. The basics



* Graph G = (V,E)

« Set of Vertex(Node) V

* Set of Edge E

* Neighborhood

« Adjacency Matrix A

» Feature Vector « GNNO||A] AtE



Example

Graph G = (V,E)

Set of Node V={1, 2, 3, 4}

Set of Edge E = {{1,3},{2,3}.{2,4}.{3.4}}

Neighborhood

ex) neighborhood of node 2 = node 3, node 4

0 0 1 O]
0 0 1 1
« Adjacency Matrix A=|1 1 0 1
0 1 1 Ol
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It is difficult to express these examples in grid structure.
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Encoder-Decoder

Encoder

High dimension

Embedding
(vector)

(embedding)

L ow dimension

node label
e.g.,
community,
function
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Encoder-Decoder

The encoder is a function, ex) I
- - 1. ||z; — z; ||5
contains trainable l J
parameters ENC : V)2. ziTz]- I (4)
eZg‘Z]

that maps nodes to vector embedg}/ 3. T I
‘ . ZkEVeZi Zk

The decoder is a function, // r

No trainable o d
parameters DEC : R x R" — R+. (5)

that accepts a set of node embeddings and decodes user-specified graph
statistics from these embeddings.



Encoder-Decoder

Original Network Embedding Space Network

Goal: Optimize the encoder and decoder mappings to minimize the error

DEC (zy, zv) =~ sg (u,v)
D
|Origina| NetworkOIM F £E v, v;2| RALE |
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Downstream Task

Pretrained Model




Node Embedding

Original Network Embedding Space
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Shallow Embedding

Type Method Decoder  Proximity measure Loss function (¢)
Laplacian Eigenmaps [4] ||z; — 2; H% general DEC(z;,2;) - sg(vi, v;)

Matrix Graph Factorization [1] Z;—Zj A, |DEC(2;,2;) — sg(vi, vj) H%
factorization GraRep [9] z, 7; Aij,AZ .. Al ||DEC(zi,2j) — sg(vi,v))]|3
HOPE [44] z. Z; general IDEC(zi,2;) — sg(vi,vi)||5

ZTZ
DeepWalk [46] £ :Tzk pg(vjl|vi) —sg(vi,vj)log(DEC(zi, z;))

Random walk Z‘ﬂEVTE ?'
node2vec [27] g7 J pg(vj|v;) (biased) —sg(v;,v;)log(DEC(z;,2;))

—
Z . Zk
Dokeyp € i

Table : A summary of some well-known shallow embedding algorithm.



Shallow Embedding

For shallow embedding approaches, the encoder function is

ENC(v) = Zv,

where Z Is a matrix containing embedding vectors for all nodes

and v IS a one-hot indicator vector.



Shallow Embedding

Shallow embedding is just an embedding-lookup.

0
0
V(ZE ) 0
ol ol
% N ;
Vi Uy 0 Vs Uy ‘ L-th ‘ Embedding
Lookup Table g vector of V;

One hot vector



Shallow Embedding

Factorization-based Lablacian eiaenmabps
approaches P > °
Shallow Embedding
DeepWalk
Random Walk
approaches
Node2Vec



Laplacian Eigenmaps

Labelled graph DegreeD matrix Adjac:ﬂ'y matrix Laplacial; matrix
2 0 0 0 0 O \ / 0 1 0 01 0 \ / 2 -1 0 0 -1 0 \
0O 3 0 0 0 O 1 01 0 1 O —1 3 —1 0 -1 0
0O 06 2 0 0 O 0O 1 01 0 O 0 -1 2 -1 0 0
O 00 3 0O 0O 01 0 1 1 0 0 -1 3 -1 -1
0O 000 3 O 1 1 01 0 0 -1 -1 0 -1 3 0
\ooo0oo001/ \ooo100/ \o o 0-1 0o 1/

« Degree matrix D L =D-A
» Adjacency matrix A
 Laplacian matrix L



Laplacian Eigenmaps

* Graph - R
We denote node i's embedding as y;.

We wish to minimize

n

Fio (Vi — Y%A

fory, eRand 1<i<n.



Laplacian Eigenmaps

We have

1 \ 2 T
> z Vi —yj))Ayj =y Ly
ij=1
where L=D—-Aand y= (v, V5, ", V).

Therefore, the minimization problem reduces to finding

argminy!Ly.
y

012t node| 2| AR == 2} = E 9| feature vectors updatedti! o2 &2, O] 4= Z[A3}0t= y& o1 EICT






Shallow Embedding

Factorization-based Lablacian eiaenmabs
approaches P > "
Shallow Embedding
DeepWalk
Random Walk
approaches
Node2Vec



Random Walk

Parameter: number of random walk (32~64 per node)
number of step size (40)
Stepsize: 5

Random Walk : [3, 2, 5, 4, 6]



Random Walk

« number of random walk :2

« number of step size : 3 = Node 1
[2,5,8]

[3,2,5]
GA > @ = Node 2
W 3%
° e = Node 3

9 [2,5,8]




Random Walk Approaches

Random walkOj| A
node u2} vo|

similarity7} = LC}

node u2l v7} S} gfiliat

50| &rt
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Skip-gram

SE: ZMCOREE FHEHO{S 85

Window size: 1

ex) | don't like studying math.
= 2 THO: studying
FHEHO]: “like”, “math”



Skip-gram

o EIO{E one-hot vector@ & HSSHC}
. =AM CHOIQF window sizeE A ™ SHL}

| don’t like studying math.

, 0 0 . 0 window size: 1
0 1 0 0 0

0 0 1 0 0

0 0 0 1 0

0 0 0 0 1

I don’t like studying math



Skip-gram

05 | 07 | 02 | 07 | o6 0 0.7
0 I
0.5 0.7 0.3 0.8 0.7 ) 0.8
1
0.1 0.6 0.5 0.2 04 0.2
0 .
Look-up table Embedding vector

One-hot vector of ‘studying’

of ‘studying’



Skip-gram
Loss functionO| X271 |22 7I5X| B w,w'= ot

0 0
0.7 0 0
0.8 = 1 & 0
0.2 0 0
0 1

like math




Skip-gram

Input layer Hidden layer Output layer
) 0.02 0
Loss
: o W'sx1 007| €= | 1| like
0.01 0
W3 X 5 0.8 0.05 0
studying 0 s
, 0.2 0.02 0
0.15 0
S EHo 9 W’ Loss
0 embedding vecto 5%1 004 | ==lp | ( math
/ 0.01 0
4 Etofe] : 009 1
one-hot vector tra| N ab I e Z=H CIo| 9|

one-hot vector



DeepWalk

* Node = {1, 2, 3, 4, 5, 6, 7, 8}
« Random Walk : [3, 2, 5, 4, 6]

0 0 0 0 0 1. &M L E Bl window size &A™
0 1 0 0 0 2. Look up table(W) X one-hot vector
3. O Zo X w”
1 0 0 0|10 =40
4. FH L E 9| one-hot vector 22| X}0| & &0|=
0 0 0 1 0 HISEO 2 W W' BHS
0 0 1 0 0
O] M€ 2 E node, ©E random walk0| CH3S}0]
Ht =
0 0 0 0 0




DeepWalk

Input layer Hidden layer Output layer

0

0 1

0

0 0

W

0 — 0

1 0

0

=4 £Hoj ol , !

embedding vector Loss 1

0 / w > |,

So LE(5)Q . 0
one-hot vector tral N ab I - ZH - E(2,4)9

one-hot vector



DeepWalk

Algorithm 1 DEepWALK(G, w, d, 7, t) Algorithm 2 SkipGram(®, W.,,,, w)
Input: graph G(V, E) 1: for each v; € W,, do
window size w 2: for each ux € W,,[j —w:j+w| do
embedding size d 3: J(®) = —log Pr(ux | ®(v;))
walks per vertex 4: P=P—-—a=x* %
walk length 5.  end for
Output: matrix of vertex representations & € RIV x4 6: end for

- Initialization: Sample ® from &/'V1*4

1

2: Build a binary Tree T from V

3: fori =0 to vy do

4 O = Shuffle(V)

H for each v; € O do

6: W,, = RandomWalk(G,v;.t)

{4 SkipGram(®, W,,, w)
8: end for

(™

): end for




Node2Vec

—> BFS (Breath-first Sampling)™ | I ek
—> DFS (Depth-first Sampling) —




Node2Vec

* Return parameter, P
* In-out parameter, (

 Search hias, &

p | ~BFs (4H
gl =~ DFS (%0
g T = BFS (4H

rx
gm gm
1z

1z
N

40 4o o
[z

rx
om
1z




Node2Vec

Algorithm 1 The node2vec algorithm.

LearnFeatures (Graph G = (V. E, W), Dimensions d, Walks per
node r, Walk length [, Context size k&, Return p, In-out ¢)
m = PreprocessModifiedWeights(G, p, q)

F = (V. E, )

Initialize walks to Empty

for iter = 1 to r do

for all nodes u € V do

walk = node2vecWalk(G', u, 1)
Append walk to walks

f = StochasticGradientDescent(k, d, walks)

return f

node2vecWalk (Graph G = (V. E, 7). Start node u, Length [)
Inititalize walk to [u]
for walk _iter = 1tol do
curr = walk[—1]
Vewrr = GetNeighbors(curr, G')
s = AliasSample(Veyrr, 7)
Append s to walk
return walk




Random walk approaches attempt to minimize the following

cross-entropy loss:

B exp(zy, Zy)
b= z Z _log(znevexp(zgzn))

uevV veNg(u)

N/

time complexity )




We use negative sampling to reduce time complexity.

( exp(z;, z,) )
log

ZTLEV exp (ZZZTL)

k
~ log(exp(z2,)) — ) log(exp(2]2n,)), mi~Py
=1

« Higher k gives more robust estimates.



Thank you for listening.



